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1 Introduction

This report is the deliverable D2.3 of the EU Horizon PathFinder project. It is an
outcome of task 'T2.8: Statistically sound estimators for combining field and remotely
sensed data’. The main subject of the report is the estimation of totals, ratios, and
differences of totals or ratios, in settings that are relevant for forest and environmental
monitoring. The emphasis is on the use of auxiliary data together with field data (ground
truth) to increase the precision of the estimators.

In forest inventories, the auxiliary information is usually sourced from remote sensing
products (digital maps). Large sets of sample plots with attributes obtained by remote
sensing or from a past inventory represent another form of auxiliaries. The auxiliaries are
typically cheaper and often updated with a higher frequency than the field data. However,
they might be biased. The proposed methods convey the best of the two data sources
in the resulting estimates, the unbiasedness of the field data, and the large amounts of
information contained in the auxiliaries leading to precision improvement.

The design-based inferential framework is followed, meaning that the surveyed population
is considered fixed and the only source of variation of estimates is the sample. If the
sampling is repeated, different population units are likely to be selected, and the estimates
change. The relationship between the field data and auxiliaries is captured by linear
regression models that do not need to be correct for the estimators to remain unbiased
and become more precise. This is the principle of model-assisted estimation that belongs
to design-based inference [Sérndal et al., 2003].

The best possible total estimators for different target variables, e.g., for Above Ground
Biomass (AGB) and for forest area, are often not of the same type. Instead, they depend
on the availability of a particular type of auxiliaries (large first-phase samples, maps, or
both). Many parameters that need to be estimated are actually defined as ratios of two
totals such as AGB (the numerator) per hectare of forest land (the denominator). Changes
in totals, for example, the change in AGB, or changes in ratios, e. g., the change in the
AGB per hectare of forest land, are of particular importance in environmental monitoring
programmes because they show potential trends. As the availability of auxiliary data
changes over time, these differences are inevitably defined as mixtures of various estimator
types that are optimal for particular periods only.

The methods of Adolt et al. [2018] and those presented in this report address the estima-
tion of all possible single-phase (with or without exhaustive auxiliaries) and two-phase
regression totals, their ratios, their differences and differences of their ratios.

The proposed estimators are generic in the sense that they are constructed to (i) work with
the infinite population approach to forest inventory [Mandallaz, 1991], (ii) be applicable
to designs beyond uniform random sampling, and (iii) in the case of totals and their differ-
ences, preserve geographical additivity. The first two conditions have been addressed by
the Horvitz-Thompson theorem for continuous populations formulated by Cordy [1993].

Under geographical additivity, the total estimate for a region Dy = [J,—; D; matches
the sum of estimates of its all non-overlapping sub-regions D;. A linear model is fitted
in D4 and then applied to the estimation cells D;. To preserve additivity if the sample
plots are organized in clusters, the cluster-level values of attributes are calculated by the
weight-share method [Bouriaud et al., 2024].

Last but not least, the estimators of ratios, the estimators of difference of totals, and
the estimators of difference of ratios of totals are formulated in two variants depending



on whether all involved total estimators use the same sample or not. Different samples
(either totally distinct or overlapping) are often the case if we evaluate ratios or differences
between two periods, in which different sets of (temporary) plots or moving-window
estimators of different lengths may be used.

Note that there is no point of recommending one ’best’ estimator from the set proposed
here. All estimators are design-based and, therefore unbiased (at least approximately),
and their variance (precision) depends on whether they use any auxiliaries or not and, if
so, how well these auxiliaries correlate with values of the particular variable observed in
the field. So, the choice of estimator is primarily driven by its nature (total, ratio of totals,
difference of totals, difference of ratios of totals) and availability of auxiliaries. Sometimes,
estimators using one type of auxiliary (either first-phase auxiliaries or a map) can be more
precise than an estimator integrating both types [Estevao & Sarndal, 2004]. This situation
can be detected by calculating both estimators and comparing their estimated variances.

Chapter 2 elaborates new two-phase regression estimators of total ¢, in a geographical
region of estimation D (the estimation cell).

t= [ vy (1)

The first estimator uses auxiliary data available in the first phase of sampling (large set
of plots, of which the field data is a subsample). The second estimator adds exhaustive
auxiliaries, that is, maps from which vectors of auxiliaries for the first- and second-phase
sample points are extracted, and ’error-free’ totals calculated for the desired regions of
estimation. If the auxiliaries in the first phase correspond or include field data measured
in the past, the correlations with the current field data (second-phase sample) can be
reasonably high, leading to substantial precision gains. These techniques were proposed
by Massey & Lanz [2014]. However, the authors only assumed uniform random sampling
of the geographical area, and their local density definition did not preserve the additivity
of the totals.

Chapter 3 presents new estimators for target parameters defined as ratios of two variables.
The various types of two-phase estimators in the numerator and denominator generate a
series of 19 estimators that include but go far beyond those proposed by Adolt et al. [2018].
These estimators are needed to be able to present the best possible total estimates for the
numerator, for the denominator, and an estimate of the ratio that exactly corresponds to
their division. This internal consistency is important from the interpretation and end-user
perspectives.

New difference estimators are formulated in the chapters 4 (differences of totals, a series of
11 estimators) and 5 (differences of ratios, a series of 261 estimators). These estimators
seamlessly fill the space between direct and indirect estimators of change [McRoberts
et al., 2015], depending on the proportion of common panels ranging from 0% (indirect
change estimators) to 100% (direct change estimators).

All estimators included in the chapters 2, 3, 4, and 5 are proposed in view of their
implementation in nFIESTA, that is, in the estimation component of the PathFinder
platform described in an earlier report of Miettinen et al. [2024].

In the last chapter 6 the implementation of selected estimators is summarised.

The addendum contains three side topics that are practically relevant but did not fit the
overall structure of the report.

(i) Merging of panels (spatially representative samples) from different time periods is
described in Section 6.4. Sometimes, panels from the same period are combined. For



example, temporary and permanent sample plots with a different design can be used
together for estimation within an NFI (National Forest Inventory). Another example
might be combination of panels from different sources such as the NFI, ICP Forests (The
International Co-operative Programme on Assessment and Monitoring of Air Pollution
Effects on Forests) or FMI (Forest Management Inventory) data. In all these examples,
the method of Section 6.4 is not optimal because estimates based on individual panels
are likely to have different design-based variances. Therefore, Addendum A.1l proposes a
method for the calculation of estimates based on various panels coming from the same
period but with a different sampling design (selection of sample points) or with a different
definition of attribute density (plot or cluster configuration).

(ii) If maps are produced using field sample plots as training datasets, then there is the
question of whether these maps can serve as auxiliary data in model-assisted estimation
using the same sample plots. In this context, the estimators use the so-called endogenous
model. The approach is justified by the findings of relevant studies in Addendum A.2.

(iii) Maps produced by complex procedures, such as machine learning algorithms, may
overfit, i.e., be closer to reality at the positions near training data compared to the re-
maining parts of the map. If such maps are used for model-assisted estimation with
an endogenous model, the variance of the estimator will be underestimated. In Adden-
dum A.3 a method is proposed to circumvent the variance underestimation.

In Annexes A and B the variances end their estimators are derived for single- and two-
phase totals, and for any combination of single- and two-phase total used in a ratio.
Annex C presents derivations of covariances and their estimators between any combina-
tion of single- and two-phase totals.



2 Generic two-phase regression estimators of the total

2.1 Two-phase regression estimator of the total with the first-phase
auxiliaries

This type of estimator combines auxiliary variables that are available in a larger sample
of plots selected in the first phase (s1) with a relatively smaller sample of field data
collected for a subset of the large sample, on the so-called second-phase plots (s2). If
there is a substantial correlation between the auxiliaries and field data, the precision of
the estimator is improved compared to using only field data.

The estimator of the total of variable y in the geographical region D (estimation cell) is
defined:
ty2p = IpIIpYp + Az<1)'G5f>H+Y’+ (2)

where the first term corresponds to the single-phase estimator of the total of target
variable y in D, and the second term corresponds to a correction based on the differ-
ence between the vectors of auxiliary totals estimated from the first-phase (large) and
from the second-phase sample (A,1)) and the estimated coefficients of a linear model

(G 6(1)H+Y’+). The meaning of individual symbols is the following:
+

e Ip ... 1 x ng vector of indicator variables Ip(x) taking a value of 1, if any plot of
a cluster (or the single plot) is found within the estimation cell D and 0 otherwise,
ngy corresponds to the overall number of 2nd-phase plots,

e Ilp is the no X mo matrix with diagonal elements corresponding to inverse sampling
densities 7 (2)~! = mi(z) 'my(z)~! where mi(x) is the inclusion density of the
first-phase [Cordy, 1993], and 7y () is the sampling probability of the second
phase given the sample of the first phase. The inclusion density 7*(z) is an analogy
to the selection probability 7* introduced by Sarndal et al. [2003, p. 347] in the
context of two-phase sampling.

. oy L :
e Yp 1xngy vector of densities at cluster level y(P) (z) = w, m corresponding

to the nominal number of plots within a cluster and ¥y, corresponding to local
densities at the plot level, Ip is an indicator variable taking value of 1 if the centre
of the plot k is located inside D,

N A~ Z c Zl(Dl)(m) E wEQZ(l)(ac)
— — z€] D ;
[ Az(l) = tsl,z(l) tsg,z(l) = @) “(2) is the 1 X 1 vector of

differences between the single-phase estimates of the p; number of auxiliaries using
the first and the second-phase samples s; and so,

m (1)
. Zg)(x) = Zkﬁ% where Z,(:) is the auxiliary vector at plot k (available at

1st-phase plots, but not everywhere in D), Ixp takes value of 1 if and only if the
centre of the plot k£ belongs to D,

—1
G zVsm,zV'| zWs, (3)

s =

. ZS) is the p; X ng 4 matrix of (non-exhaustive) auxiliary densities available only for
the 1st—phase plots, the columns of Zs_l) correspond to p1 x 1 auxiliary vector ZSE) (z)
at the sample point x, ny 4 is the number of sample points in the parameterisation

region D .



. ZS) (x) = Zkﬂ# with Zl({l) is the auxiliary vector for plot k, Ijp, takes value
1 if and only if the centre of the plot k£ belongs to the parameterisation region D,

o X, isan ng 4 X ng 4 matrix with diagonal elements corresponding to inverse values
of the anticipated variances o(x) used for weighted least squares. A specific setting
of the matrix is proposed for designs using clusters; see Adolt et al. [2018].

o Il isno X ng 4 matrix with diagonal elements corresponding to inverse sampling
densities 7 (z)~!

e Y, ... 1x ny vector of cluster-level densities y(P+)(z)
corresponding to local densities at plot level.

> Ikp vk ith
== m Wit Uk

The estimator of variance of I?ygp is given by

\Y (fy,2p> = Z . ﬂ-y(D) (x)Q +

FY YT P i) o nn()

m(x, ')y ()7 ()

J p(z) 1? W
3 8 [E o] +

+ i Z p(w)p(g;’)ﬂml(x’ z') — 7T2|1(;E)ﬂ-2|1(x/)

j=1z€s2,; (EIGSQJ 7T2‘1($,,ZEI)7T*(IE)7T*($/)

' £’

where j are identifiers of the sampling strata and

pla) = P (@) + A0 Gy ()P4 () (5)
+
~ -1t zM (2)
¢ Gl = 2Bzl

is cluster-level residual calculated with plot-level residuals
set to 0 for plots outside the estimation cell D,

(D) = Tyl

o &L =Yp — ZE{I)(.%')/GB_(:)HJ'_Y/J’_ is the corresponding plot-level residual,

m I .
o ePH)(z) = w is the cluster-level residual calculated with plot-level resid-

uals set to 0 is outside the parameterisation region D, .

Note that the first two terms of (4) reflect the part of the variance due to the first phase
of sampling (in geographic space), so they correspond to the Horvitz-Thompson theorem
for continuous populations [Cordy, 1993]. The third and fourth terms are due to the
second phase of sampling from the finite set of the first phase points, so they match the
finite Horvitz-Thompson theorem, see the m-estimator by Sarndal et al. [2003, pp. 42-48|.
The derivation of variance can be found in Annex A.2.



The term 7*(x,2’) is the pairwise density for simultaneous selection of two distinct
points z and 2’ considering both phases of sampling. It is the product of the pair-
wise density 7 (x, ') of selecting the same points in the first phase (sampling the infinite
population of points) and the conditional pairwise probability o (=, ') of selecting again
these two points in the second phase (sampling the finite population of points chosen in
the first phase).

Note that = and 2’/ always come from the same stratum. The pairs between strata
are excluded by Eq. (4) to speed up the computation. They do not add to the variance
estimator, because pairwise densities equal the product of single densities if both z and 2’
come from different strata. The contribution of these pairs to the second and fourth terms
of (4) would be zero because the subtraction of the product of single densities from the
pairwise density gives a zero value.

The pairwise density of the first phase is defined by

R0
Ut (l’, xl) = Z Z flf]g,l(xv .CC/) (6)
k=11=1

I#k

where f1(7£7l(x,x’ ) is the joint probability density for the selection of points z and 2’ as
the k-th and l-th points of the sample in stratum j, see [Cordy, 1993]. It is convenient
and usually valid to assume that the probability of selecting any point in the infinite
population does not depend on the points that have been selected in the previous steps,

so there is only one joint probability density f1(]12 (@, 2"), and we can write

m(z,2') = nyj(n1y; — 1) fuj(z,2). (7)

Assuming the selection of x does not depend on the selection of any z’ distinct from =z,
we get
mi(z,2) = nj(ny; — D fr;(@) i), (8)

where fU)(z) and fj(«") are marginal probability densities of selecting z and z’ respec-
tively out from stratum j. From the definition of the inclusion density

ni )

i) =Y [@), (9)
k=1

where f1(j12 (z) is the marginal probability density for the selection of point x in the k-th

draw from the infinite population of points in the stratum j. If the chances of point

selection do not depend on the order, we have just one marginal density fl(] )(ac) and

mi(z) = n;f1,5(). (10)

Under all the above assumptions of independence and order irrelevance, the pairwise
density is finally defined as
niy; — 1
mi(z, 7)) = ym(m)m(w'). (11)
nl’]

This is a practical result because there is no need to specify 7 (z, ') explicitly for all (”59 )
possible pairs of x and 2’ selected in stratum j. The specification of 71 (x) for all sample
points x is sufficient. Note that in the special case of sampling without replacement, the
pairwise density is defined

fla,2) = f(2) f(2'|z) = f(2")f (z]2)). (12)



However, in fact f(z'|z) = f(2’) and f(x|2’) = f(x) because the measure of any point in
the region is zero. So, equations (8), (11) are also valid for sampling without replacement.

With respect to the pairwise probability 7r2|1(ac,x’ ) it is also convenient to avoid ex-
plicit specification of the number of ("%J ) pairwise probabilities. This can be practically
achieved if we simply consider that the second phase of sampling is uniform random
without replacement. It leads to the formula

ng,j(nz; —1)

: 13
ny,j(ni; —1) (13)

™ 2|1($7 93/) =
causing a potential overestimation of the variance. Finally, the 7*(z, z") can be expressed
using available sampling densities, the first- and the second-phase sample sizes
ng,j(n2; —1)

2
"1

= Wﬂ*(&ﬁ)ﬂ*(x/). (15)

1 (2)m (2) (14)

7 (x,2") =

The estimators presented in this section and in the following sections are usable for
any probability sampling from a geographical continuum. In case of stratified sampling,
the variances are estimated by J strata and then summed, which brings a significant
computational advantage. The pairs of sample points with each point from a different
stratum do not contribute to the overall variance, so the computational burden of double
summations is reduced. For typographical reasons, inclusion densities and probabilities
are not marked by stratum but are always defined within strata, i.e., both  and z’ come
from one stratum.

2.2 Two-phase regression estimator of the total with the first-phase and
exhaustive auxiliaries

This estimator uses two types of auxiliaries: ZSP) (x) available at any point € D4 (po

exhaustive auxiliaries extracted from a map), and Zgrl)(x) available only at points x € s1
(p1 auxiliaries obtained in the first phase of sampling), but not everywhere in Dy D D.
In total, there are p = py + p1 auxiliaries involved in this estimator. It is assumed that,
compared to exhaustive auxiliaries, the acquisition of Zgrl)(m) is more expensive, but is
compensated for by higher correlations with field data leading to adequate precision gains.

The estimator is calculated according to the equation:

tyopm = IDIDp YD + A/Gg IIL Y, + Al ()G Bf)lLY; (16)
where
A z9 @) . .
o A0 =ty —t 0 = t,0 — Xy o) 8 the pg x 1 difference between the

true total of the vector of exhaustive auxiliaries and its single-phase estimate using
the 1st-phase sample s1,

(0)

m (0)
IxpZ
. Z](:(,)) (z) = Zﬂﬁ% where Z, " is pg x 1 vector of exhaustive auxiliaries at plot ,

« A, = ’ESLZ - E52,z = zes i‘?(%) =D resy if((j)) is the p x 1 vector of differences of
the single-phase estimates of total of the full auxiliary vector Zp(x) between the

first-phase and second-phase samples,

10



o Zp(x)= w with m corresponding to the nominal number of plots within a
cluster and Zy, is the full auxiliary vector at plot k, it is an aggregation of the exhaus-
tive and 1st-phase auxiliaries Zy = {Zk(o), Zk(l)}, Zp(x) = {ZD(O) (x), ZD(I)(x)},

. Gﬂ(o) is the py X ny matrix defined by
+

G zOs,1m,7%'| (f)&, (17)

g

. Zg(_)) is the pg X ng matrix of exhaustive auxiliaries available everywhere in D, D D,

the columns of ZS:)) correspond to py x 1 auxiliary vector ZS?)(

point x,

x) at the sample

20 () _ S0, 7 | |
o 7 (x) = ==+ I;p, takes value 1 if and only if the centre of plot k

m
belongs to the parameterisation region D,

e the GB+ is the p X no matrix defined by

G, = 2,2, 10,772, %, (18)
e and the Z, = {ZSP), Zsrl)} is the p x no full vector of auxiliaries.

The variance of tAy,gpm is calculated by:

4 ¢
( vaPm) Z Z ﬂ.*( ) +
Jj=1z

€82,

J /
+Z Z b(x 7T1(17 a:)—7r1(:1:)7r1(a:)+
7=1

ZTES2,j &' €5y (mv x )Wl(l')Trl(.I")

e (19)

pC ﬁ -ewto]

J /
772|1(33 ') — 7T2|1(95)772\1(1‘)
PP P I o (o, D) @ (@)

Jj=1 J o' Esaj
x’;ér’
where _
o) = ¢P)(2) + Ao G o) (@) (2) (20)
+
and

z{) (x)
m*(z)o?(x)’

. G = zOs,1,7%"|
+

oy 1 . . . .
o eP)(z) = w is the cluster-level residual using plot residuals of a model
with exhaustive auxiliaries that are zeroed if the particular plot is outside D,

o €p =Y — Z(O) (z )G(O)H Y] is the corresponding plot-level residual,

11



m
I e
(D) (0 _ Dot IeDy
« P (z) = ™
outside of parameterisation region D,

is the cluster-level residual using plot residuals set to 0

w(z) =P (z) + A, G, (2)6PH) (z) (21)

~ -1 Zi(z
o Gp.(2) = [2. 3,012, ) 7 555,

m I . . X
eP)(z) = W is the cluster-level residual using plot residuals of a model
using both auxiliary types (full vector of auxiliaries) that are zeroed if the particular

plot is outside D,
o &, =yr — Zj (2)Gg, 1LY, is the corresponding plot-level residual,

" Iyp,é

(D) . Doy kD, €k

o E0 () = ST
outside of parameterisation region D,

is the cluster-level residual using plot residuals set to 0

The derivation of the variance estimator is analogous to the variance of the two-phase
total estimator without exhaustive auxiliaries presented in Annex A.2.

Although there is no guarantee, the estimator (16) can lead to additional precision gains
compared to (2). In the typical case, a forest mask can be used as an exhaustive aux-
iliary. A map of the parameterisation region Dy can also be used with the vector ZSS)
constructed by using the indicator variable Iyp, =1 <= x € D, which balances' the
estimate towards the known total area of D..

'If the single-phase estimator overestimates the area of Dy (there is an upward imbalance in the
sample) the regression estimator will correct the single phase estimator of y downwards, and vice versa.

12



3 Estimation of ratios

For almost every total variable, it is possible to define a meaningful ratio counterpart.
For example, the total Above-Ground Biomass (AGB) has a related target variable AGB
per hectare of forest area. The rate of change of a parameter can also be estimated as
a ratio. The ratios are defined as follows:

t
re =2, (22)
tyz
where in our example £; can be the total AGB and t2 can be the total forest area. The
estimator of a ratio is calculated according to the equation

i
o= 2. (23)

The estimators in the numerator and the denominator of (23) can be of different types,
and they can use different samples, with or without any intersection.

With respect to variance derivation, the ratio estimator can be approximated by using
the first-order Taylor series

A~

1,2
tyl - tyl) 7(

R 1
r1,2 =711+ g( £ Y2 tyg) (24)

Y2
so, for the approximate variance estimator, one obtains

N 1. /. oA
V(Tlﬂ) = ?V (t’yl - 7‘1,2753/2) ) (25)
2

If the numerator and denominator use the same samples, variance estimators can be
derived from (25) for a specific combination of estimator types in the numerator and
denominator?. Otherwise, the variance needs to be evaluated by pieces according to the
formula

P P Mooz 1,2
V(rlﬂ) - ?V(tyl) + 2 V(t?n) ?C(tyﬂt?n) (26)
2 2 2

Both variances as well as the covariance depend on the estimator type in the numerator
and the denominator of the ratio. The following sections provide solutions for combina-
tions of different estimator types and using identical or different samples in the numerator
and denominator.

3.1 Ratio of single-phase estimators using an identical sample

If the numerator and denominator are single-phase estimators (with or without exhaustive
auxiliaries) and the corresponding samples are identical s = @ = g the variance
estimation follows earlier derivations by Adolt et al. [2018].

Equation (25) is applied stratum-wise

J
1,2 3 Z v (fle - fl:ZtAyQ,j) ) (27)
2 i=1

2Estimators with or without certain type of auxiliaries, exhaustive or Ist-phase.

13



and the variance estimator is calculated

-y ¥ [

j=1lzeEs; :|

i) -
D3I ol @ ) @) (@)

j=1lx€s;j x€Ss;
rAz’
where the term m(z) is the inclusion density commonly used for the total estimators
in the numerator and denominator of 712 and m(z,2’) is the pairwise inclusion density
conveniently defined with the meaningful assumptions made in Section 2.1

(28)

i—1
m(x, ') = M?‘(’(l’)ﬂ'(m/). (29)
j
The residual variable z(z) is defined by the particular combination of the types of single-
phase estimator in the numerator and denominator (with or without exhaustive auxil-
iaries), see table 1.

Table 1: The definition of residual variable z(x) depending on the combination of estimator type
in the numerator and denominator of a single-phase ratio (with or without exhaustive

auziliaries)
numerator | denominator z(x)
1p 1p P (z) - iy 23/2 (2)
Ip 1pm () - ") ()
1pm Ip (90) — 71095 (90)
1pm 1pm 61(x) — 71205 (x)

The terms ¢(z) are defined by the equation (20) on page 11.

3.2 Ratio of single-phase estimators using unequal samples

This section applies to ratios, defined by single-phase totals with or without the use of
exhaustive auxiliaries. The estimators in the numerator and denominator use different
samples s() and 52| which may (5(1) Ns® £ ) but do not necessarily have to intersect

(s N s® =p).

The variance calculation follows (26) assuming J sampling strata, which leads to

2 ZV (ty:.5) IQZV (tys.5) MZC (ty15» tyz,s) (30)

Y2 j=1 ?12 j=1 92 j=1
The variances within strata of the numerator and denominator are evaluated according
to the estimator type by the following equation
(IS [T(“’”r
Y,J =, 71'( :E)
31)
Je,2!) — mla)n(@) (
+2 2

TES; TES; (x’ Z )(.%')W(x/) ’
rHx
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which is the HTC by Cordy [1993] applied by sampling stratum. If no exhaustive auxil-
iaries are used, then the term 7(x) = y(P)(z), it corresponds to the value of attribute den-
sity observed on point x. If the modified direct generalised regression estimator by Adolt
et al. [2018] is applied, we set 7(z) = ¢(z), where ¢(z) is defined by (20) on page 11.

The covariances within the last term of (30) for a given stratum can be estimated by

(
L . T1(2) T2 ()
C {tym’t?ﬁ»j} - Z W;@)(fﬂ)

s
:cEs(m)
Z v _nne) | 1@ ) OO (32)
es) x/@(z) ()7 () m(12)(z, a')
T ;éx

The terms 7 (z) and 72(z) are defined according to table 2, depending on whether exhaus-
tive auxiliaries are used in the nominator, in the denominator, or in both total estimators
defining the ratio.

Table 2: The 11(x) and To(x) terms in covariance formula of single-phase totals with or without
ezhaustive auziliaries

combination of estimator types
- - mi(z) | m2(z)
tyhj tsz
1p 1p (@) | 1 (@)
Ip 1pm 1 (@) | ga(w)
1pm 1p ¢1(z) (@)
1pm 1pm o1(x) oa(z)

The pairwise inclusion density 7(12)(z, 2’) refers to the simultaneous inclusion of points z

)

and 7’ in the corresponding samples s; and 85-2). It is defined by equation

7D (z,2) = 7D (@)= Y Y f (]) [xz €s; Mz e S§ )} ; (33)
T es( )mEs(Q)
ml?’éxz

where fi(j) [a:Z € sgl),ajl € 322)] is the joint probability density of including point x =
(1)

x; as the i-th element of s;

)

element of s;”. In the context of forest monitoring, the joint probability density does not
depend on the order of points  and z’ in the samples. Thus, a single joint probability

, and simultaneously including point ' = z; as the I-th

density fU) [ac € 35 )l € s( )} can be used, and the pairwise inclusion density is defined

702 (2,2) = (0 — ) fO [ € s, € 57] (34

is the size of the sample 551) (2) (2)

where ngl)

and n,, is the size of the matched sample s§- ™) Jefined later in thls section.

in sampling stratum j, n;™’ is the size of sample s;

In the monitoring system proposed by PathFinder, yearly (or even seasonal) samples

) (2)

4 ands

(panels) are merged, so samples s: corresponding to the desired periods of
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estimation are obtained. One of the possible information needs is to estimate the relative
change of a parameter between two consecutive periods that overlap, and so do the
corresponding merged samples. This is precisely the situation where ratios of two totals
using unequal sample are needed. Now, imagine the two samples sg-l) and 55-2)
unions of several panels

that are

55-1): U Sqj 35-2): U Svj (35)

quQj 'UjGVj

The matched sample is defined as the union of all panels included in sg-l), as well as s§2)

ng) = U Shj (36)
)

J

2

J

Shj €S

Shj €S

The derivation of simple inclusion densities for the merged samples is described in Sec-
tion 6.4. The pairwise inclusion density for distinct points x € s4; C sgl)
s§-2) is derived based on the joint probability densities of the original samples s,; and sg,
by the following equation

and 2’ € sg C

1 1
$@) [w € s;‘l),x’ € 3§‘2) — 7o , %ffj(x © sa1) X %fﬂj(w/ € s
Sqgj = Suj NT F# agqu(xesqj,:c € Sqj)
(37)

where ¢, is the number of distinct panels belonging to s;(1), and ¢, is the number of
2

distinct panels belonging to s,”, and the indices ¢ indicate the original sample from
which point z comes from, and likewise for the index v and the point ’.

In the PathFinder platform, the joint probability density is approximated by the product
of marginal densities, that is, we have foj(x € s45,2" € s¢5) = foj(x € s¢5)fqi(2 €
Sqj), as if the selection of the two points was independent. NFIs typically use a sort
of spatially restricted sampling (for example, systematic or spatially stratified), and this
approximation will likely cause an overestimation of covariance that will be to some extent
compensated by overestimation of variances; see formula (26). With this approach, the
pairwise density is calculated

L,@ _,m

712 (g, 2)) = " i 7 (2)7r® (2). (38)

J
ngl)n§2)

Imagine that there is no shared part of the samples, so we have ném) =0 and

73D (g, 2") = 7V ()7 (). (39)

This is an intuitive result for independent samples that leads to zero covariance according
to (32).

Now, suppose that both totals use the same sample that is nél) = n§-2) = ngm) and the

pairwise density
(m)

n. -

1
w2 (2,2') = - mrW (@)r? (@) (40)

n;
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corresponds to its form (29) for matched samples.

3.3 Ratio of two-phase estimators using an identical sample

In this section, variance estimators are developed for a ratio of two-phase estimators (2)
or (16) in the numerator and denominator.

The variance of any two-phase estimator égp, be it total or ratio, is defined by the following
equation:

V(02p) = V1 [Egyy (3p)] + B [Van(62y)] - (41)
So, it is a sum of the variance of the conditional expectation given the first-phase sample
|1 (f2p) and the expectation over the first phase of the second-phase variance given the
first-phase sample V2|l(§2p), see Sarndal et al. [2003, p. 136].

The estimator of variance of the ratio is given by the formula:

Z Z Z ’Yl(l’)’yl(x/)wl(x’x/)_Wl(x)ﬂ'l(m/) .

7 (z, ") ()7 (2))
V(f2) == . (42)
7 J 12
i Z Z [Ziix” [1 - 7f2|1(95)} +

Z Z Z ’yg(x)ny(x’)Trzh(x’m/)_772\1(35)7T2|1(:z:’)

o (@, ") () (2)

The terms ~;1(x) and 7y(z) are specific for the combination of estimator types in the
numerator and denominator of 71 2, see the table 3 below.

Table 3: The terms v1(x) and vy2(x) according to (42) for the variance of two-phase ratio

numerator | denominator 71() Yo () annex
2p 2p (@) = 1ops”) (@) | pr(x) — P1opa(z) | B
2 2pm y” (@) — froda(e) | pile) - F1oen(e) | B2
2pm 2p $1(x) — Froys”) (@) | wi(z) — Propa(z) | B3
2pm 2pm ¢1(x) — f1,2¢2(2) wi(w) — f1owa(z) | B4

The terms p, ¢, and w are defined by (5), (20) and (21) (pages 8, 11, and 12). Lower
indexes are used to link to the respective term of the numerator (1) and the denominator
(2). The derivation of vi(z) and y2(x) for each combination of estimator type in the
numerator and denominator can be found in annex B.

The inclusion densities 71 (2), 7*(2), 71 (2, ), 7 (2, '), and inclusion probabilities 7y ()
and 71 (, x') are defined in the same way as in Section 2.1.
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3.4 Two-phase estimator in numerator, denominator or in both using
unequal samples

(1)

The numerator of the ratio is estimated on the basis of samples s, ’, and if it is a two

phase estimator, also using sgl). The denominator uses samples 552) and potentially also

852)_ These samples and also the matched samples sgm), and ng) are defined in analogy

to (35), and (36).
The variance is estimated based on (30). The within-strata variances are estimated

by (31) (single-phase estimators), or by (4) and (19) for two-phase estimators.

Annex C contains derivations of covariances of two-phase totals. The covariance of single-
phase and two-phase estimators is a special case, because the former can be cast to the
latter, by having all first-phase points selected in the second phase (s1 = s2, n1 = na,

mop(z) = 1).

The within-stratum covariance estimator is given by the equation

71(2) T2 ()
(@)t (2)7P ()

c [tyl,zp,j ) tyz,ma} - (m)
0
zesi™ "2[1

n()n@) ’
+ > > &) X 02 (x, o) +

oy m (@)m D (2)

xEsgl) T'eSsy
' £z
43)
ry(@)ma(@) - (
+ z(:m) 71'*(1)(;13)7'('*(2)(x) |:1 o 71'2'1 } -
TES,
1,2 1 2
n Z Z 73(z)T4(2) y Wé‘l )(:L",x’) - Wé‘l)(w)wé‘l)(x’)
ves) a'esl? W) (2)m* 3 (2') 7r£|11’2) (z, ")
z'#£x

For simplicity, the ; indices for strata are not used in this section, except for the symbols

(1)

of the two estimators. The inclusion densities m;"’(z), 7r§2) (z), D (x), 753 (z) are anal-

ogous to their counterparts in Section 2.1. The conditional inclusion densities 71'(1)($),

2/1
7r§|11) (z') and 7r§|11’2) (z,2") and the pairwise densities 71_5172) (z,2') and 712 (z, 2') are de-

fined in Annex C.1.

In analogy to (38), the pairwise density 77%1’2) (x,2') is calculated using the following

equation

nini® = nf™

G (@) @), (44)

1,2
)( )
ny 'y

71'% z,2') =

where ngl), ngz) and ngm) are the sizes of samples sgl), 852) and sgm).

The terms 71 (z), T2(z), 73(z) and 74(z) depend on the types of total estimators. Table 4
shows all possible combinations and the corresponding terms 71 (x), 72(z), m3(x) and 74(x)
within strata. The terms p(z), ¢(x), and w(x) are defined by (5), (20) and (21) (pages
8, 11, and 12). The lower indices ; and 5 refer to the total estimators £, ; and %y, ;,
respectively.
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Table 4: The 7(x) for the calculation of covariance of total estimators, depending on the combi-
nation of estimator types

combination of estimator types

- - 71 () T2 () m3(x) 74(x)

tyl,j tyz,j
Ip 2p (@) | 87 (@) | (@) | pa(a)
1p 2pm (@) | 67 (@) | (@) | walo)
1pm 2p or(x) | 5”@ | P (@) | pae)
1pm 2pm or(x) | 5 (@) | i (@) | walx)
2p Ip (@) | @) | pi@) | 87 (@)
2p 1pm (@) | o7 (@) | pie) | 487 (x)
2p 2p @) | 7@ | o) | pa(e)
2p 2pm (@) | 687 @) | pi(e) | wale)
2pm Ip or(z) | (@) [ wil2) | (@)
2pm 1pm o1(x) | da(z) | wi(@) | w (@)
2pm 2p o1(x) | 57 (@) | wil@) | pa(e)
2pm 2pm o1(x) | da(z) | wni(2) | wa(2)

4 Differences of total estimators

Many information needs are related to the evaluation of the change in a target parameter.
Often, there is a wish to estimate changes for periods (one year, for example) that are
much shorter than the typical length of an NFI cycle (usually 5 to 10 years). Therefore,
direct change estimators [McRoberts et al., 2015] cannot be used despite the use of pe-
riodically surveyed plots. Another practical situation is the calculation of a difference
between two moving-window estimates that use five yearly panels, but mutually shifted
by one year. In this case, there are four panels shared between the two estimates and two
panels, each one used for one estimate exclusively. A generic estimator of change capable
of transition between direct (remeasured permanent plots), hybrid (mixture of remea-
sured and distinct sets of plots), and indirect (temporary and permanent plots without
re-measurement in the period) is needed. This section deals with differences of totals.
Solutions for ratios are presented in Section 5. The techniques can be used to estimate
changes of a parameter in time, but also for mere differences between different parameters
at the same or distinct time periods.

4.1 Difference of single-phase estimators of total

Assume the totals of two variables y; and y» and their totals over the study region D de-
fined in analogy to (1). Their single-phase estimators without using exhaustive auxiliaries
(a map) are defined:

_E _ er,s(l) yiD) (x)
nT T W)

(45)
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D

P e s (@)
Y2 ﬂ_(g) (1’)

Without any reduction in applicability, it can be assumed that y; and yo are the same

variables, but at two time points. The difference of two totals ¢,, and t,, is estimated
naturally by

(46)

A~

= 7?yz - 2?yl (47)

Suppose that tAy2 and fyl are calculated based on partially intersecting samples sgl) and 552)

tle

V(At’y12) = V(fyl) + V(fyg) —2C, (fynfyz) (48)

and estimated by .
V(At?!12) = V(tyl) + V(tw) - 2C(ty1 s ty2)' (49)

The covariance term plays a role in cases where the estimators are calculated based on
overlapping (or identical) samples.

If the difference is over a region that spans the number of J sampling strata, the estima-
tors fy,, t,, and Aty,, do not change. Naturally, the sampling densities must correspond
to the stratum in which the given sample point x is located.

J J J
V(Atym) = Zv(tyl,j) + Zv(tyz,j) -2 Z C [tym?tyz,j] . (50)
j=1 j=1 j=1

For single-phase estimators (with or without auxiliaries) the within-strata variance in the
first two terms of (50) are estimated by (31) in section 3.2. The within-strata covariances
in the last term of (50) are estimated by (32).

4.2 Difference involving two-phase regression estimators of total

The variance of a difference involving at least one two-phase estimator (2) or (16) naturally
follows (50). The first two terms are the estimates of variance, according to (4), (19) or
(31) applied by sampling strata. The covariances in the last term must be estimated
specifically for each combination of estimator types, see (43) in Section 3.4. Annex C
derives the elements (7 terms) of the covariance of totals, involving two-phase.
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5 Differences of ratio estimators

The estimator of a difference of two ratios is defined by the following equation:

~

Ap =34 — 1o (51)

V(A;) = V(#12) + V(rz4) — 2C [F12, P3.4] - (53)

If both, the numerator and the denominator are single-phase estimators with or without
exhaustive auxiliaries, then the variances V(7 2) and V(73 4) will be calculated

o according to the formula (28) if the numerator and denominator use the same sample

o according to the formulas (30), (31) and (32) if numerator and denominator use
unequal samples with or without overlap

If the numerator, the denominator or both correspond to any of the two-phase regression
estimators presented in section 2, then the variances of the two ratios will be estimated

o by (42) if both numerator and denominator are two-phase estimators and use iden-
tical first-phase and second-phase samples
« by (30), (31) or (4) or (19), and by (43) in any other case (unequal samples)
If both ratios are estimated using a common sample, then the covariance in (53) will

be evaluated according to section 5.1. If this is not the case, the covariance calculation
follows section 5.2.
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5.1 Difference of ratios using a common sample

If an identical same sample (the same set of sample plots or clusters) is used in the
numerator and denominator of both ratios, then the covariance term in (53) will be
greatly simplified. If both ratios are composed of single-phase estimators of total, then
the covariance term follows

(J)

C[7“12,7“34 Z Z Z12 234( )

j=1lz€sg ;

J " —7(z)m(2
+Z Z Z 21’2(1‘)23’4(x1)7r(x7x) ( ) (/ ),

i1 wEsy,; wEsa m(x, ' )m(z)m(z
x#x’

(54)

where the 21 2(x) and z34(z) correspond to residual variables defined according to the
combination of the types of total estimators in the respective ratio, see table 1.

If both ratios use a two-phase estimator of total their numerator and denominator, then
the covariance can be estimated by

1,2 3,4

1 @™ (@)
€S9 j 71'*(33)7’['1 (gj)

_l’_

Z Z 7(12 (34)( )7T1(JJ733')—771(55)771(55/) +

; g 32* 7 (z, ")y ()T (2))
N R i1 o Lo
C[T1727r3,4] = 7 jA (172)( ) (374)( ) (55)
y2lys Yo @)y (
1 —mo(z)| +
Z [ ()2 (1= mn(@)

Z Z 7(12 (34)( )7r2|1(:x,a:’)—7r2|1(x)7r2|1(a:’)

3365273' T ESQ,] 7T2‘1(l" $/)W* (:La),n-* (m/)

' £x’

where 7(z) terms depend on the combination of estimator type in the numerator and the
denominator of the respective ratio marked by (12) or G4 in the upper index. Table 3
shows the 71 (z) and ~y2(z) for each combination. Note that as soon as both ratios do
not use the same and the only sample, for their numerators as well as denominators
the generic approach of the next section must be used. This also includes mixtures of
single-phase and two-phase totals within or between the two ratios.
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5.2 Generic difference of two ratios

If the two ratios are not estimated on the basis of the same sample, the covariance of the
ratios must be approximated. This is also the case if the totals in the numerator and
denominator of any of the two ratios use unequal samples. A solution is proposed based
on the first-order Taylor linearisation of the covariance

P 1 C Fyl’fys} —34C [tAquyJ -
Clri2,734] = == ATa - o ATe s
lyotys, | — 7‘172(: {tymty?,} + 7”1727'3,4C [ty27ty4}

(56)

So, a series of terms corresponding to covariance of the totals involved in the estimation
of any of the two ratios is obtained. Assuming the existence of J sampling strata, the
covariance is estimated by

I € gy, | = 754C iy | -
A 2 Y155 by3,; 34 Y15 Yya,j
(C[TLQ,T‘:}A] = = . ~ e R R R A R (57)
tthy“ Jj=11 — TLQC |:ty2,j7ty3,j:| + 7’1727’374(0 [tyQ,j7ty4,ji|

The covariances of the total estimators within the last term are estimated by (32) for
the single-phase estimators and by (43) if any of the two totals is a two-phase estimator.
These two formulas also work if identical samples are used in the pair of totals. There
are 16 possible combinations of single- or two-phase regression totals (with or without
exhaustive auxiliaries) for each of the two ratios 71,2 and 73 4. This generates a total of
162 = 256 difference estimators and their variances.
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6 Implementation

6.1 Single-phase regression estimator of the total using auxiliaries in
the form of maps

The modified direct generalised regression estimator using exhaustive auxiliaries in the
form of maps [Adolt et al., 2018] was implemented in the PostgreSQL extension nfiesta_ pg
(https://gitlab.com/nfiesta/nfiesta_ pg/-/wikis/home) since the finalisation of the EU
Horizon 2020 Diabolo project (Distributed, integrated and harmonised forest information
for bioeconomy outlooks, H2020-ISIB-2014-2, http://diabolo-project.eu). However, the
practical calculation of this estimator was not convenient due to the complexities of
field and auxiliary data, all the more so with the increasing number of combinations of
auxiliaries and working models. Therefore, a graphic user interface has been implemented
within PathFinder to facilitate the process of estimator configuration (assignment of
data and working model to each desired estimate depending on region and period). The
use case can be found under the following link: https://gitlab.com/nfiesta/nfiesta_ gui/-
/wikis/Use case for configuration of GREG-map totals and ratios

6.2 Generic estimator of a difference

Many information needs are related to the evaluation of change of a target parameter.
Often, there is a wish to estimate changes for short periods (one year, for example)
that are shorter than the typical length of an NFI cycle. Therefore, direct estimators of
change cannot be used despite the use of periodically surveyed sample plots. However,
there are situations where a mixture of permanent and temporal sample plots can be
used for the change estimation. This situation can ideally be addressed by a generic
estimator of change capable of transition between direct (remeasured permanent plots),
hybrid (mixture of remeasured and distinct sets of plots) and indirect (temporary or
permanent plots without remeasurement in the period). Differences of totals as well as
ratios need to be implemented in all variants developed in this report. The current schema
for the implementation logic can be found here: https://gitlab.com/nfiesta/nfiesta_gui/-
/wikis/Use case for configuration of difference of two estimators. The generic estimator
of difference has not been implemented before this report compilation.

6.3 Estimation for arbitrary geographical regions

The problem of NFI plot coordinates disclosure is a well-known issue that any inte-
grated monitoring system must handle. Disclosure of NFI plot coordinates can lead to
the violation of representativeness of the NFI samples breaking the design-based prin-
ciples [Schadauer et al., 2024]. A solution proposed by PathFinder is based on the as-
signment of inventory plots to the cells of the 1 km INSPIRE (Infrastructure for Spatial
Information in the European Community) grid [[INSPIRE Maintenance and Implemen-
tation Group (MIG), 2023] according to the position of the plot centres inside the 1 km
cells. If the geographical regions for estimation are approximated by INSPIRE cells of 1
km (based on the position of the centroid of the cell inside the polygon of the geographical
region), then the set of plots in these regions can be easily determined.

The covered area is the union of all geographical regions for which estimates can be
produced. It is defined as the union of the geometries of all NUTS 0 (countries by
Eurostat) that provided the NFI data. The union is approximated by 1 km INSPIRE
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Figure 1: Assignment of plots found in 1 km cells outside the covered area (approrimation of
NUTSO0 by 1 km cells) to the nearest 1 km cells inside the covered area. The pale blue
area in the centre of the picture corresponds to sea, so it is not part of the covered
area. Courtesy of Vendula Hejlovd, Czech Forestry Institue

cells. Only cells with their centroid inside any of the NUTS0 geometries are preserved
in the covered area. However, despite their position inside the covered area before its
approximation, some plots may fall out of the estimation because they belong to a 1 km
cell that is not part of the covered area (the centre of the cell does not fall into it). The
solution is based on the reassignment of each such plot to the closest 1 km INSPIRE cell
included in the approximated region of the country to which the plot belongs. In case
of more candidate cells with the same distance, the one with lowest azimuth from the
centroid of the original cell is chosen; see Figure 1.

In this way, the estimation for a country approximated by 1 km INSPIRE cells uses the
full dataset of the country, and there is no underestimation due to omission of plots on
the periphery of covered area. It should also be understood that the covered area does
not necessarily correspond to the union of sampling strata provided by NFIs. This may
be due to a too generous definition of the sampling strata that extend beyond the actual
land territory of the country. For example, some countries include parts of their territorial
waters to catch some small islets. Another common reason are mismatches caused by the
different cartographic projections used for the definition of strata of individual countries.
If the strata are then reprojected into a common coordinate system (used for the definition
of the covered area), slight overlaps or gaps sometimes occur. Similar differences arise
from various levels of generalisation of sampling strata (done by countries) and country
geometries (sourced from Eurostat).

Because all estimation cells are approximated by the 1 km inspire grids, the estimates
produced for a country often exclude some of the country’s plots that fell into a 1 km
cell assigned to a neighbouring country. And vice versa, some plots of the neighbouring
country enter the estimation. Both effects compensate for each other, but they still cause
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slight deviations from estimates produced using the country’s full and the only dataset.
This is of little relevance, because the role of an information system integrating NFI data
of countries is not to produce national estimates, but estimates for arbitrary geographical
regions going across country borders, and estimates for the whole continent.

6.4 Estimation for arbitrary time periods, temporal panel merging

Estimation for regions that cross country borders is challenging not only due to the
mixture of various NFI designs, but also in terms of temporal synchronisation. Various
countries use various time plans for their NFI surveys, that may even vary among several
sampling strata. Therefore, it is advantageous to split the samples from each stratum into
panels. Panels are spatially representative sets of single-plots or clusters that are surveyed
according to a prescribed time plan. It is natural to use panels that were surveyed in the
period for which estimates are required. Time is considered as one of the dimensions of
sampling for which representativeness is to be achieved. Sampling weights are defined as
the reciprocal values of sampling densities

w(z) =7 (z). (58)

Assume wy(x) is the original sampling weight (in units of area) within the panel p. When
merging panels, the original weights are divided by the m number of merged panels.

_ wp(f’f) (59)

In addition, it is assumed that the period of each reference-year set (time between its
beginning and end) is the same for all merged panels. This reweighting is an analogy to
the calculation of separate estimates 6, for each panel followed by the calculation of the
overall estimate as the arithmetic mean:

m

> bi (60)

o1
h=—
mi:l

This is principally the same approach as the moving average estimator suggested by Ene
et al. [2018, p. 15], but with no need to calculate the partial estimates first.

The panel merging is done by stratum as part of the estimate configuration process,
during which combinations of panels and particular reference year(s) are assigned to the
each estimation task; see diagrams on the nFIESTA wiki pages:

o https://gitlab.com/nfiesta/nfiesta_ gui/-/wikis/Use case for configuration of single-
phase totals and ratios

o https://gitlab.com/nfiesta/nfiesta_ gui/-/wikis/Use case for configuration of GREG-
map totals and ratios
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Addendum

A.1 Merging panels within the same reference period

In some situations, there might be more panels, say L panels, within the same stratum
representing the same period of time. For example, there might be samples of permanent
and temporal plots with different sample sizes, plot designs, etc. leading to different
variances of estimators produced for each sample separately. Merging such panels in the
way described in section 6.4 actually calculates the arithmetic average of the estimates.
This is far from optimal, unless the variances of the individual estimates are practically
the same. Often one would obtain an estimate that is worse than one or more of the
uncombined estimates.

The solution is to combine the separate estimates by calculating the weighted average
with weights inversely proportional to their variances

0= Zwlélv (61)

=1
where the weights w; are defined
1971
w = — Ul — (62)
=1 V(6]
The resulting variance
PPN 1
V4] = — (63)
ZZL:1 Vo,

is always lower than the variance of any of the single estimates, see Casella & Berger [2002,
section 7.5]. This feature was not implemented in nFIESTA before the compilation of
this report.

A.2 Model-assisted estimation with endogenous auxiliaries

Model-assisted estimators use auxiliary information to improve the precision of estimates.
Generalized regression estimators with auxiliaries in the form of maps use a working model

y(x) =2Z'(2)B + e(2) (64)

where y(x) is the target variable value at the sample point z, 3 is a vector p x 1 of model
parameters, Z(x) is a p X 1 vector of auxiliaries (extracted from the map at the point x)
and e(z) is the error with normal distribution, zero mean value, and variance o2(x). The
variance may depend on the sample point, so it does not necessarily need to be constant.
In practical applications, the model parameters are estimated from the sample data, so
one gets

y(x) =2'(x)B +r(z) (65)

where §(x) = Z/(z)B is the prediction of the working model and r(z) is the residual.
The model-assisted estimator can be expressed by the following equation

tma =ty + tr (66)
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where t; is the known total of predictions g(z) and t, is the single-phase estimate of the
total of residuals r(x). There is a non-zero variance of () and consequently ¢; because
the estimates of model parameters vary from sample to sample (design-based variance).
The vector of Z(x) is considered fixed (does not vary from sample to sample) thanks to
the assumed independence of the (exogenous) auxiliaries and the sample field data. This
is only the case if the sample data were not used for the creation of the map. However,
it is not uncommon for maps to be produced using the same sample data as signatures
(training set) for the map production. In such a case, the map is no more independent
of the sample field data, and it is called endogenous. The vector of auxiliaries Z(x) is no
longer fixed because its values depend on the sample. Now, the variances of §(x) and ¢
are not zero because there is a variance of Z(x).

Breidt & Opsomer [2008] showed that the effect on the overall variance of the post-
stratified estimator is negligible if classification is performed using generalised regression
models fitted to the sample data. Maps are often created by more complex approaches
such as machine learning, for which the effects are not easy to anticipate. A simulation
study using semi-parametric (spline) and non-parametric (random forest) classifiers re-
vealed that the post-stratified estimators worked also well in the endogenous setting as
long as strata definitions are not optimised. If strata definitions are optimised variance
underestimation has been observed [Tipton et al., 2013]. Another study provided evidence
that endogenous stratification works well for any non-parametric monotone model [Dahlke
et al., 2013]. These three studies support the practice of using sample data for the deriva-
tion of maps, which in turn are used as auxiliaries for model-assisted estimation.

A.3 The effects of over-fitting and model-assisted variance

Over-fitting means that a map is closer to reality in the training data positions (sample
plots) than in the rest of the territory. An approach is suggested, so the model-assisted
variance is not underestimated.

Assume that the sample plot i in position x; is linked to a cell C; in the study area U.
Note that VI,1" such that [ # I’ the relations C; N C;, = ( (cells do not intersect) and
UE, C; = U (their union corresponds to the study area). There are up to m(z) distinct
cells to which any of the m(x) plots of a cluster with anchor point x belongs. In the
production of the map for a specific cell, no plots attached to the cell are used to train
the classifier or derive the map values in any other way. If single plots are used, then one
simply assumes clusters with one plot only (V z, m (z) = 1).

In the PathFinder platform, the cells C; correspond to INSPIRE cells of 1 km by which one
approximates any subregion of &/ where estimates must be calculated. Because only plot
membership to 1 km INSPIRE cells is provided, all plots attached to the corresponding 1
km INSPIRE cell are left out of the training data. In this way, the impact of over-fitting
causing underestimation of model-assisted variances can be avoided or at least reduced
to a possible minimum.
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A Derivation of variances of regression estimators of total

A.1 Variance of single-phase regression estimator of the total with ex-
haustive auxiliaries

The single-phase regression estimator is defined
nyp = IDHDYb + AIZ(O) GBiO) H+Y{F (67)

The symbols in this equation are explained in Sections 2.1 and 2.2.

This estimator also equals the total of predictions on the bases of estimated model coef-
ficients BES) and the estimated total of (empirical) residuals in D:

eP)(z

(68)

y71pm —/ Z (O)d + Z

TESY

= tz(o>3+ + fe (69)

The total estimator of empirical residuals £, can be expressed as differences between the
observed values of the target variable y(z) and the prediction of the working model

oy v - B (@AY

- (x) (70)

TrES2

Theoretical (linear) model of relation between the target variable y(z) and the auxiliary
/
vector Z%)) (x) is defined

yP)(z) = 2 (2)89 + B(a), (71)

/!
Where Zg) ()8 is the theoretical prediction, Zg)) (z) is a vector of the p auxiliaries
with dimension px 1, and F(x) is the theoretical residual of the true model with parameter
vector ,8(0) of dimension p x 1 defined by

B = A7tU. (72)

The matrix A of dimension pyg X pg is defined as a definite integral in the entire region
D, where the model is parameterised:

A= | 29 (2)(2)2 (x)da. (73)

The matrix U of dimension p x 1 is also defined as a definite integral in D_:

U= [ z0@)=(@)y)de, (74)
D

where y(x) is the value of the target variable observed at the point x in the parametriza-
tion region D.
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In practical applications, the coefficients of the theoretical model are not available and
must be estimated. So, we replace the theoretical model by its working version:

yP (@) = 29 (@) B + e(a), (75)

where B.,. is the vector of model coefficients estimated from sample data, and e(x) is the
empirical residual. Model parameters are estimated by

B = ATy, (76)
where
U, =z0s,a,y, A, =z"x,1m,z?, (77)

are estimators of U and A matrices. The vector Y contains values of the target variable
y(P+)(z) observed on sample points, its dimension is 1 x n2 4+ (n2,+ corresponding to the

number of sample points in parameterisation region D ) and the matrix ZS?) of auxiliaries
defined in section 2.2 is of dimension pg X na 4.

The actual variance of regression estimator includes the variance of the model parame-
ters [5’5?), that is, the variance of the differences between the true and estimated model

parameters {Bg?) — B(O)}. These differences can be approximated by first-order deriva-
tives of B (Taylor approximation). Knowing that

A7TA =T, (78)
and
d(A™*A) =d(I) =0
dA™HA+ A (A) =
dA™HA = —A71d(A)
d(A Y = —A"1d(A)A™!
the first derivation of the parameter 8 according to (76) is
d[0] = dA™"U + A71d(U) (83)

The difference between the true and estimated vector of model parameters can be ap-
proximated by

BO g0 ~ At {AJF _ A} AU+ A [fh - U} (84)
~ [A*A - A*1A+} BO 4 AT, — O (85)
~ AT [0 - A (86)
~ A Z0%. Ty, - 208, 2080 (87)
~ A'ZO% T, E, (88)

where E/, is ny x 1 vector of theoretical residuals EMD+)(z) of the true model.

Reformulating the total estimator of empirical residuals in terms of the parameter differ-
ences, we get
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y(x) — 28 ()8 - 2 () [B% - B

fe = (89)
1;2 m(x)+
s E() - 29 (2) A 201, ', 90)
HASED] 7T(ZE’)+
~ b — by, 0 AT ZOTLLE, (91)
Similarly, for the true total of empirical predictions we can write
A /
to B = [ 28 @8 %da + [ 28 (@) [BY - 8] (92)
Aty +toA” 1z(+)r[+E’+. (93)

By combining (91) and (93) we get the following approximation of single-phase regression
estimator

Fyipm = tgp + ty0 AT ZOS T E, +ip - t,,0A ' Z0S ILE,  (94)

Rty + 1B+ (b0 — tepo ) ATIZYSLILE, (95)

~ by, +te + AZ<0) G.ﬁ(f)mE+ (96)

Rty +) ¢ (97)
ZEs

~ typ, + g (98)

where

and its terms defined in Section 2.2.

The variance of tAy,lpm is the variance of f¢ and can be estimated by HTC, see formula
(31). The first term of (98), the true sum of empirical predictions, is a constant, so it
does not contribute to variance.

If no clusters but single plots are used (m = 1), then e(P)(z) = e(P+)(z) = e(z) and the
single-phase regression estimator is defined

[JD(x) +A7z® (z)a—2($)} e(z)

by 1pm =ty + Z , (100)
P CCESQ ﬂ-(x)
g(x)e(x
Rty + Y (101)
K TrES2 (.f)

with its variance matching the HTC variance for the total of the product of g-weights and
residuals. Note that in the definitions of G 50 (z) and g(x) we use the estimated matrix
+

A_T_l instead of the true matrix A~!. The estimation of the variance also uses empirical
residuals instead of the unknown errors of the true model.
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A.2 Variance of two-phase regression estimator of the total without
exhaustive auxiliaries

This estimator was introduced in Section 2.1. It can also be defined as the sum of
predictions plus a correction by the sum of residuals. However, the sum of predictions is
not known but is estimated using the first-phase sample

typ = fz<1>3$) +1e (102)
1)’ s(1 .
2 @B ¢ (x)
= Y (103)
FASESE 7T1($) TrES2 T (l‘)

A( (D) (4 A(1)
_y % ())ﬂ +ZyD”* ()B4 | (104)

TrESL TESo Q0 (ﬁl?)

Note that for simplicity and convenience in typing, the model parameters and their esti-
mates use the same symbols as in the previous annex. However, they are defined using
the auxiliary vectors Zg) instead of Z](g) . The estimator can be transformed into a form
using the differences between the estimated and true model parameters:

RN
e 3 W@ | ) -6
tyop = + +
e PASESY 1 (I) FASESY T (:C)
prediction of true model error due to estimated

model parameters
(1)
+ Z (@)~ 25 (@) (105)

rESY (.1‘)
70 ()80 E(D)
R RV
TES] 1 TESY

7 (2) {/’5’9 - B(”} 70 (z) [B(j) - 5<1>}

+ — ” (106)
xgl 7T1(37) I%:Q ()
EP)(z) X T
= —t —~ (1)] 107
xgl ) ; () { 51,2 sz,z;;)] {ﬁﬁ B (107)
Zy’ (x)B" B (95 [ )}
= A, |BL - B (108)
R
in analogy to the approximation derived in Annex A.1
ﬁgrl) AR N Ah N i 8 o (109)
where the matrix A and its estimator are now redefined by using ZS}) auxiliaries
A= zZ9@)2@)z0 @) de, Ay =zVx 1, zd. (110)

Dy

The meaning of symbols is defined in Section 2.1.
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The two-phase regression estimator is rewritten as

> Zp’ (x)8" EP)(z) I A —1r(D) '
toop & = E 4 +A,)/ATZUS L E 111
Y,2p mgl 771(95) xezs2 *(l‘) (1) 4+ A By ( )
0’80 2(D) . .
~ % Zp @B s~ E — (z) + A0 Az Lk, (112)
rES] 7T1(CIZ) rES2 (x)
(1)’ (1)
YA
~y %o ( B p(x) (113)
TrES] 7T1 xESQ (.%'
where
p(a) = € (@) + Ay G ()69 (@) (114)
+
and its terms defined in Section 2.1.
The variance of any two-phase estimator égp is defined
V(02p) = Vi [Egyy ()| + B [Voy(03p)] (115)
The conditional expectation of £, o, based on (112)
B [fy] = | 30 ZBL080 ] g |5 o)~ 25 )8
B PR E) M E (@)
+]E2|1 |:Az(1)/A_1ZS_0)2+H+E+:| (].].6)
z(l (1) z0 ()30 (D)
FASES] FASESY 7T1($) rES] 7T1(:L‘)
(D)
Y (x). (118)
xrES1 7T1(,Z')

The conditional expectation of the third term in (112) is zero because the conditional
expectation of A, 1) = tsl,zg> — t52,z](31) is zero.

The conditional variance of (113) is simply the following

V2|1 {fy,Qp] V2|1 lz p ) ] (119)

TES2 LIZ'

because the first term does not vary if the first phase sample is kept constant.

The variance of the conditional expectation is equal to

Vl {EQH [ Y, zp}} Vl lz y(D);l)')] (120)

P <m>] . l y<D><x>] (121)



where for the first term, we have

s y (@) 5 y P () ] B, li [y(DQ)(ﬂci)]T (122)
TES] x) TES] ‘T) i=1 7Tl(‘ri)

The first term of (123) equals

D ) 2
// /{ l x;] }fl(xhxz,...:vnl)d:vldxg...d:cnl
_ ny (D)( ) ‘ _ y(D)(x) 2 n, | N
_Z/ [ \(z )] fl,z(x)da:—/u [ m(@] ;fl,l(:r:)dx (124)
) (D)( )]2
m

_/ lyw; r 1(x)da::/u[y(;)dx

where the joint probability density fi(x1,z2,...2y,) refers to simultaneous selection of
all sample points of s; in the first phase, and the probability density fi;(x) refers to the
selection of point z in the i-th draw. The transition from multiple to single integral is
possible according to Fubini’s theorem, which allows for iterative integration over each x;
in every step, so the number of points in the joint probability density is reduced by one
in each iteration until only one point remains. The final operation uses the definition of
inclusion density in

.7}) = i:fm(x) (125)
=1

The second term of (123) is defined

// / Z Z chi (j)) fi(z,xe, .. xp, )dridas . . . day,

Ti€ES1 TFES1

z]5£wz
o (D (D) (!
— Z Z // y x (;: )f17i7j(1:,$,)dl'd$/
i= 1]]7&1 Uuxu 7T1 .%' 1 x! (126)
(D) ny mni
y\)(x)y
N i Ydzda'
//qu 7T1(:L‘7'r ;jzlfl ]$ZE raxr
J#i

(D) D) (g
uxu  mi(x)m(a’)
Note that the double integral, somewhat surprisingly, includes the region where the sam-
ple points x and 2’ are identical. This region is a line in the 2D space U x U, so its

measure is zero. Thus, it has no effect on the value of the double integral, which is
actually identical to the second expectation term of (123).
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The last term in (121) equals

IR =
// / > { Py }f1(x1,:c2,. Ty )dx1ds . AT,

Ti€ES1

y'P)(x) 21: fri(0)d y P (x) i fri(2)de (127)

e ml@) u m(z) =

D) (g (D) (g
:/ y o )Wl(m)dx/ y o )Trl(az)d:c
u u

m1(x) m1(x)

_ /D y D (2)da /u s w)ds = [ /u P @y @) drds!

The variance of the conditional expectations is composed by the three parts that have
been derived above

} fi(zy,x9,. .. 2y, )dr1das . . dXy, X

Vl {E2|1 {fyﬂp}} / [y(D d +//uxu 7T1 1 )(T/)Wl(x’x/)dmdx’
/ / )y P (2 )dmdm (128)
L{><Z/I

[ WO,

(D) ( 1y (D) ("1 (% 2) —mi(@)mi(z) |
+f /uxuy R O C I

Its estimator is obtained from the second phase sample as the HTC total estimator.
It means that integrals are replaced by sums and double sums, and the integrands are
divided by inclusion density or pairwise density including both sampling phases.

WP

Vi {B1 [fy2] } = D o+ > m(z, _7”( Jm (&) (130)

T (x ol 7 (x, ")y ()71 (2))
o'

Conditional variance is defined with respect to sampling from the finite population of the
first-phase points

Vap [] = 3 % p<xi>p<xj>”2“(‘”’xj)‘”2'1(”)”2“(‘””” (131)

T;€51 ac]651 W*(:Ei)ﬁ*(xj)
= Z 1 - 7T2|1($)]
DYDY p(xnp(xj)”1(wi’?3<;i>7rﬁf<g>)ﬂz1(%) 132)

T;€81 TjES1
TjFT

Note that the first term of (132) was obtained knowing that my;(z;,z;) = o () if
T; = :L‘j = X.
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The expectation of the conditional variance over the set of all first-phase samples equals

) {Z 2 et w%ﬁz(xi;;:(g))mu(xj)}X

T;€ES1 TF;ES1

X fi(x1,xe ... Ty, )dridey . . dTy,

and is simplified to

// 772‘1(93 z') — 7T2|1(95)7T2\1($/)7T1(x7x/)dxdx/
Uxu

()7 (2)

It is estimated based on second-phase sample as follows

El {V2|1 |:£y,2p:|} = Z Z p(x)p($/)ﬁ2|1($,aj’) — 7T2|1(l‘)71'2|1/(xl)

ar=p A= oy (@, ') () m* (2)

D D1 TR

rESY U (.27)

+ S pappla) UL T (@) )

TES2 ¢’ sy 7T2‘1(IL’,IIZ‘/)7T*(ZE)7T*($)
'z

Finally, the variance of #, o, is estimated by adding (137) to (130)

Wl = ¥ LOCE 4 5 5 ) o miom)
w2 TESy ™ (l‘ TES2 1/ Cso 7[‘1( )7[‘1( )
,7é1'
2

+z§2 { (x) } [1 — moy1(z)]
7r2|1(3? ') — 772|1(95)7T2|1(95)

* x%s; xze; ple o (@, @) m* (x)7* ()

T’ #x
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A.3 Variance of two-phase regression estimator of the total with ex-
haustive auxiliaries

This estimator is defined in Section 2.2. It can be reformulated as follows,

y () Zp'(z)B+ Zp'(z)B+
y 2pm = o .1‘ ;1:%;1 ™ (l‘) - x%; T (x)
), 4(0)
(0) Zy' (z)BY
+ / z{0 EZ 2o (139)
_ yP) (z) y P (z) — &P (x)
TE€sy () TE€s1 ()
(D) _ ¢(D) e(D)
-y Y (”2* (;) (@) + 080 - 3 ' ) (@) (140)
TESY TreESsy
5(D) 5(D) (D)
_ 4(0) e (x) e (z) e (rc)
= t, 0B} —gsjl @) +g8:2 ) +x§1 ) (141)

The residuals can be expressed as differences between observed y(P)(x) and the corre-
sponding predictions

tyopm =ty By — > o (i]))( s (142)
/ ) (0) 4(0)
Py Z/(D)(:E);k(i];) (@)P+ | 3 y D) (x) mz( ) (z)B¥ (143)

The next step introduces differences between the estimated and true model coefficients
as well as the theoretical residuals

yP)(z) - Zn'(2)B — Zp'(x) | B+ — B

ty,2pm = t,08 + t,0 [BJF - ,3] ->

()
X GZ y P (z) — ZD’(:v)Trﬂ* (;)ZD'(:U) B+ - 8] |
N Z yP)(a) — 2 (@ )Bm(Z)(O (z) [BY - 8] )
= t,08 — tyo (B~ B - P iig) P 7]
S ED)(z) - in(go[m - 8]
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Next the approximation derived in Annex A.1l
BY — g0 ~ A-1Z0% 11, E,, (146)

and an analogous approximation

B, -BrAZ, T, E,, (147)
enter the derivations.

The matrix A and its estimator are now defined by using Z, auxiliaries

A= | Z ()24 (2)2) (x)dz. AL =Z,.3, 11,7, (148)
Dy

The meaning of symbols is defined in Section 2.2.

Then, the two-phase regression estimator with exhaustive auxiliaries is approximated by
A — 0
ty,2pm R b0 B+t A 1ZL)E+H+E+

E(D) (x) — ZD,(.%')A71Z+2+H+E+

FASES m (ZC)
+ Z E(D) (]}) — ZD,(.%')A71Z+2+H+E+
T (x)

ED(2) - 290" () A-120 8, LB,

+ , 149
Z n@ 1)
which can be rearranged as follows
. ED@)(g) ED@)(g) ED@)(g)
t 2pm N tz ),3 + + " —
=08t 2w TR e & mw
+ (ty0 — by ) AT ZOS T By + (B0 — topa) AT 2.2 I EL (150)
ED)(z) ED@)(g) ED@)(g)
R t,0B + + — = —
PTE TR TR e & e
+ AZ(O)Ailzg?)ZJ’_HJ'_EJ'_ + AzA71Z+Z+H+E+ (151)
¢(z) w(z) E®)(x)
~t, 0B+ + - , 152
AP e AP N P PR 2
where _
o(x) = e (@) + A0 G o ()PP (@) (153)
+
and ~
w(z) = éP) (@) + A, Gp, (2)6PH) (2) (154)

with their terms defined in Section 2.2.

Referring to the formula for the variance of any two-phase estimator (115), the conditional
expectation of £y opm is

¢(x)

m1(x)

E2|1 |:£y,2pm} = tZ(O)B + Z (155)

TES]

because
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o the conditional expectation of the second and third term in (150) are equal to the
third term, so they cancel each other

« the conditional expectation of the fifth term is also zero, because the conditional
expectation of A, is zero

The true total of true prediction t,0)8 does not contribute to the variance because it is
a constant.

The conditional variance of fy,me is specified by

Vapr [fy2m] = > ;ga) (156)

rESY

because all the other terms in (152) are constants, assuming a fixed sample of the first
phase.

From this point on, the derivation of the variance estimator is a direct analogy of the
derivations made in the previous section devoted to variance of the two-phase regression
estimator of the total without exhaustive auxiliaries. It is obvious that the structure of
the variance estimator is identical to (138), and that only yP)(z) is replaced by ¢(z) and
p(x) is replaced by w(z). So, the final variance is (19) as presented in Section 2.2.
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B Derivation of variances of two-phase ratio estimators

In the following four sections, the conditional expectations and covariances are derived for
the specific combinations of two-phase generalised estimators in the ratio. The derivations
assume identical samples used by the total estimators in the numerator and denominator.
The terms v in the variance estimator (42) are determined by these quantities only. The
complete derivation of the variance estimator, including the specific definition of v terms,
is not given for space reasons. The main steps and logic combine the approximation of
the ratio, as presented in Section 3 and the derivation of the two-phase variance included
in Annex A.2.

B.1 Numerator and denominator are two-phase estimators with auxil-
iaries in the first-phase sample

This type of ratio is defined according to formula (25) with numerator and denominator
corresponding to £, 2, according to (2). Referring to (25), we can write

~1 ~ N2
t( ), — 7“1,2t1(/2)7 = IDl_IDYl DT Al Z<1)G175$>H+Y/1=+

Y1,2p
(157)
— P12 <IZ,DHDY/27D + A/Z,z(1>G2,ﬁ_(~_1)H+Y/2,+) ,
that can be detailed as follows
) s (D)
2 Z/ (x) — r1,2Y ()
3(11)227 — 71 2ty2 2p = Z ' 2 +
TES2 (.TJ)
P (@) — &P (@) = 710987 (2) + F12687 ()

+ Y - (158)

TES] 1 (I‘)
D (D N N x
Z yi )(ac) — eg )(:U) —r1,2y§ )(:U) + 7 geé (@)
rES2 ﬂ*(x) ’
and simplified to
71 72 y1 - fl,zyéD) 61 (x) — 1 26§D) (z)
Y1,2p — 712 22p Z () + Z ™(z) -
(D) x681A (D) e (159)
_ Z € (x) —Fipéy  (2)
ASES 7T1<$)

For the conditional expectation over the second phase given the first-phase sample we
have

(D) 4 (D) (D) A (D)
. yy ) —P12ys () é) (x) — 1265 (2)
Eoq [F10] = E +E :
sl =B | 3 U n |5 O

(160)

.(D) . .(D)
(& r) —T12€ xr
_EQ“lZ P (@) = 12657 (2)

xTES] m (I)

The conditional expectation of the first term is just the term itself, because it is the
estimate using the first-phase sample that is fixed by the expectation. The second term
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is an unbiased estimator of the third term, so its conditional expectation equals the third
term. Finally, the expectation of the third term is the term itself because it is a sum over
the first-phase sample, which is fixed by the expectation. So, we obtain the following
result: D) D)

7T1(£C)

Eogp1 [F1,2] ~

The conditional variance (over the second phase given the first-phase sample) is zero for
the first and third term of (159) because these are fixed if the first-phase sample is fixed
too. So, the conditional variance of 71 2 involves the second term only:

" 7 (@) = 71,068” (2)
Vo1 [f1,2] = Vyu <x; () ) (162)
2
Adding the estimator of variance of (161) to the expectation of estimated variance (162)
over the first phase leads to the variance estimator (42), where v (z) = y%D) () —

P1oys?) (), and ya(z) = pr(z) + 71,2P5 (), see (5).
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B.2 Numerator is a two-phase estimator with first-phase auxiliaries,
denominator is a two-phase estimator with first-phase auxiliaries
and exhaustive auxiliaries

This estimator uses %, 9, according to (2) as #; and #, 2, according to (16) as 2 of the
ratio (23). Substituting to (25) we obtain:

~N1 N ~N2
B2y = P1ofyopm = TupTID Yip + A/Lz(l)Gl,ﬂ(j)HJrY/l,Jr
(163)
— 12 {IDHDY/&D + A5G T Y L + A, )G, 50 H+Y'z,+}
and further
(D)
A1) P (z) — 7y 2y (x) .
by op — 71 2ty2 oom = D v () — 1,285,
rESY
(@) = &7 (@) = Propt” (@) + 712857 (@) + 1000 ()
+ ) (164)
TEST 771(:6)
Z ygD) () — égD) (x) — 721,2y§D) (x) + ’F1,2égD)
acon () ’

where s (z) = yéD) (z) —egD) (x) is the prediction of ys(z) using the model with exhaustive
auxiliaries and tgs is the true sum of these predictions in D (region of estimation). After
simplification we obtain:

20 y” (@) = frocy” (@)
ty2p — 71 2ty272pm - Z ™ (z) — T2t
fASES] 165)
) ) T%Cp)@éD) — 2€(D) (2) |
+ - 2,
S p ey
The conditional expectation of (165) given the first-phase follows
(D) a(2cp) (D)
A yi () =y ey C(x)
E2|1 [7‘172] ~ Z ! - (1;) 2 — 71,205,- (166)
TrESL

Note that the last term is a constant, so it vanishes from the variance of Eq; [712] over
the first phase. Concerning the conditional variance of (165), all terms except the second
vanish because they do not vary with the first phase sample, so we can write

é(D) (z) — (QCP) (D)

. 1 T1,2 2)
Vo [F12] = ) g : (167)

TrES2

The final estimator of variance corresponds to (42) with v;(z) = yi(x) — 712¢2(x) and
Y2(x) = p1(x) — 712w2(x), see (20) and (21).
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B.3 Numerator is a two-phase estimator with the first-phase and ex-
haustive auxiliaries, denominator is a two-phase estimator with the
first-phase auxiliaries

This estimator uses £, 2, according to (16) as #1 and £, 9, according to (2) as 2 of the
ratio (23). Substituting to (25) we obtain:

fg;ll)ﬂpm — 71 2t3(;2)2p = IDHDY?[,D + A/1,2G1,5+H+Y/1,+ + A/LZ(O)GLﬁ(f)H-FY/l,Jr
(168)
~ 1 {TapTIo Yy + 8 /G, o T Y5 |
and further
(D)
A1) (@) = Proys”) (@)
tys2pm — 71 Ztyz 2p — Z ™(z) +ig
rES2
D (D . (D . .(D D D
b3 0@ =87 = V@) + 71267 (@) =17 @) + 6 a)
HASES 1 (JI)
s 02 a) = 87 @) = Fran” @) + Faady”
TESY 71'*(27)
(169)
and simplify to obtain the final form:
(D) p2ep) (D)
A1 er (@) =iy Yy (2)
ol = £ PG
TES]
(170)
(D ~(2¢
Ly & @) — 5 e Z Pw) - i1068” (a)
TES2 T (.’L’) A (x> ’
The conditional expectation of (170) given the first-phase sample is as it follows:
(D) o (D)
R ey (x)—7 x
Ep1 [Fr2] = Y = () ~ 129, () + tg,. (171)

rES] m (x)

Note that the last term tj is a constant, so it vanishes from the variance of Eg| [71,2]
over the first phase. Concerning the conditional variance of (170), all terms except the
second vanish because they do not vary given the first phase sample, so we can write

Vo [zl ~ 3 &) (z) — 7y 56lP) 172
211 [7"1,2] = " .
rESY & (l’)

The final estimator of variance corresponds to (42) with v (z) = ¢1(x) — 71 2y2(x) and
Ya2(x) = wi(z) — 71,2p2(x), see (20), (21) and (5).
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B.4 Numerator and denominator are two-phase estimators with the
first-phase and exhaustive auxiliaries

This estimator uses %, 2, according to the formula (16) as #; and #y of the ratio (23).

When it comes to the derivation of variance, we again start from the approximation (25)
to which we substitute (16):

71

y1 2pm = th(;z)2pm - IDHDY/LD + AI1,2G175+H+Y,1,+ + All,z(o) GljﬁiO)H+Yll,+
(173)
- fi2 {Iz,DHDY’z,D +85.Gop T Yot + A’z,z<o>G27ﬁ<+o>H+Y’2,+}
Next we change the matrix form for sums
(D)
tz(h),me -7 2ty2,2pm - 1 (m) : +ig — ggp)tyz'i'
TESY
D (D . D . (D
o (@) = &7 () = 712987 @) + 1108" (0)
+ ) -
D D . D . D
5~ 6”@ = @) = " @) + 1106 (a)
TES] 1 (SU)
D D R D . (D
5 0@ = &%) = Fronh (@) + Pty
TES2 7T*(.’IJ) ’
and simplify to obtain the final form
(D) o (D)
(1 2 e; (x) —T12ey () R
75?(J1),2pm -7 2t1(12)2pm = Z ! T ( 2 + tﬂl - T1,2tﬂ2 +
&) () — 710657 67 () — 710687 () (
+ Z 1 126 Z €1 1,262 ’
TES2 T (x) TES] T (x)
where
o 1y = t’Z(OLIG(B?,lHjLY’JDI is the total of model predictions of the variable y; in

the estimation cell D. It is calculated as a product of a known total ¢, ; of
the auxiliary vector (known anywhere in D) and parameters of the corresponding
model.

o 1y, = t; (0)72(‘2(5(272H+Y/+’2 is total of model predictions of the variable ys.
The conditional expectation of (175) given the first-phase sample is given by the formula

(D)( ) — 7 (D

Z 61 X _T17262

TES] 1 (CL')

Note that the last two terms are constants, so they vanish from the variance Ey|; (71 2)
over the first phase. Concerning the conditional variance of (175), all terms except the

(@)

Eop [P1,2] = + g — P12tg,- (176)
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fourth vanish because they do not vary given the first phase sample, so we can write

. é T) — 7196
Vo [F12] & Z 1 (@)~ 126 . (177)

rES2

The final estimator of variance of 7 o again matches (42) with v1(x) = ¢1(x) — 71 2¢2(x)
and vy (z) = wi(z) — 71 2w2(x), see (20) and (21).
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C Derivation of covariances of two-phase total estimators

The covariance of two two-phase total estimators fyl’gp and tAyQ,gp is defined

C [fylﬁpafyzﬂp} Cy [Eml( Yy, 2p) EQII( Y2 zp)} +E, [(C2|1 ( Y1 zpvtyz,zpﬂ . (178)

It is a sum of the covariance of the conditional expectations given the first-phase samples
and the expectation over the first-phase of the second-phase covariance given the first-
phase samples, see Sarndal et al. [2003, p. 136]. In this annex and its sections, the
covariances are derived for totals that do not necessarily use identical samples. If the
samples are disjoint, the covariances are zero. If the samples are identical, the formulas are
still correct, but could be simplified. The objective was primarily to determine covariances
of the totals using unequal samples with partial intersection, that is, samples with a
definite number of points shared between the two total estimators. This situation is quite
common if estimates use several panels and correspond to the so-called moving window
averages. The covariances are then needed to estimate variance of difference of such
moving window estimators, totals, and ratios.

In next section the covariance of single-phase and two-phase total is derived in full detail.
It is quite obvious that covariance of two totals from which one or both are two-phase
can be expressed by

Alr 1 71(%)72(2)
Cltyapitynsy | = Z m 1 2
| | s T @ (@) ()

T1(z) T2 (2") 7T§1’2) (x,2') — =
p> OpSE. 02 (g
ves) wres® M1\ ') ’

]
* Z o *((;)( ) [1_”%)} +

(m) ()7

(1) (2) (1
1 9595)771 (2') n

')

(179)

N Z $ @) T () — () ()
s wres? *(1) (2)m*@ (o) i (2, 7)

';ﬁx

where the terms 71(z), m2(x), 73(z) and 74(z) depend on the combination of estimator
types (single-phase or two-phase, with or without exhaustive auxiliaries).

Conditional expectations and covariances corresponding to the first and second terms
of (178) are the only inputs on which 7(z) terms depend. Conditional expectations
(given the first-phase sample) correspond to 71(z) and mo(z). The terms of the condi-
tional covariance correspond to 73(x) and 74(x). There is no dependence on the order of
estimator types and the 7(z) terms because the covariance depends on the combination
of estimator types, not on their order.

Annexes C.1, C.2 and C.3 present conditional expectations for all estimator types con-
sidered. Similarly, the terms within conditional covariances are derived for all estimator

types.
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C.1 Covariance of single-phase total estimator with no auxiliaries and
two-phase total estimator with first-phase auxiliaries

The single-phase estimator is defined

yl w) (180)

tyr 1
ylap x

(1)

(1)

Assume the sample s, * was obtained in a single phase. Even if the sample was obtained
in more phases, the estimator remains unbiased as long as the inclusion density 7(!)(x)
corresponds to 7)) (z) defined in Section 2.1.

For the evaluation of covariance with two-phase estimators, it is convenient and possible
to rewrite the single-phase estimator as a two-phase regression estimator

; W) > v1” (@) - e (@)] 5 117 (@) - i (@)] s
y1,1p — e - - ’
B L e S Y R SRR

(1)

where the sampling densities 71 (x) 7*(Y) (z) and 7,/ (2) are identical because all points in
the first phase are selected in the second phase, i.e., the conditional sampling probability
7ré|11) (x) = 1. The two sums run over the same set of points because sgl) = 322), so they

cancel each other.

The two-phase generalised regression estimator without exhaustive auxiliaries according
to (2) can be written as follows

( (D) (4 D) .(D)
£ (z) y2 (z) _62 y2 (=) —62 (z)
bys2p = o+ . 182
yo.2p 2 (2 @ Z T 2, ) (182)

$€SQ

Referring to the first term of (178), the conditional expectations is defined

(D) (D)

2 () o (x) —é ()
Eapn [tyl,lp] Eapn Z 1 B | X T -
() B m (@)
LL’ESQ €5 1
(D) -(D)
y (@) — €3 (2)
_E (183)
2/1 m§2) ) ()
(D) D) -(D) (D) -(D)
N yi(z) y1 (x) —ér (2 y1 (x) —é (x)
Eapn [tylalp} = ot > T - —m (184)
esH 1 (z) csV ™ (2) csV ™ (2)
xes xres X Sl
(D)
P yi ()
IE2|1 [tyulp} = 0 ) (185)
res) T ()
and
. ()
Eop |:ty2,2p:| = y2 (186)
e ) (z)
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According to the general formula for covariance as an expectation of a product minus the
product of expectations, we have

c, {]E [ }IE [ }} C (@) " (@)
2|1 | by1,1p 2|1 |ty2,2p 1 )
stV ng)(l") (2) 7T§2)($)
(D) (D) (D)
() Yy (2) y (x) Yy (2)
=G Z 1 ) @, (=B 0 @~ (87
s ! (z) ves® T () vesh) T (2)  Zey ()
1 1
(D)
_El yl (x) El y2 J;
() i ()
esh) M1\ es® M1\
For the expectation of the product, we can write
(D) (D) /
3/1 (v) Yy () y1 (z) 2 (')
Ey Z > Tm o (mEBy X X
<1> (33) zes® 1 (z) ves) wes? 7T1 (90)7T1 (x)
1
(188)
(D) (D) (D) /
_ Y (w)ys (x) ?/1 (7) 2 (z')
=Ei¢ > TP (T Z 2 TP [
vest™ 1 1 esth pes® M 1
/7556

where ng) = sgl) N 552) is the matched sample of the first-phase defined in an analogy
o (36).

The first expectation term of (188) equals

( )
Ty m
/// E yl y2 ( ) fl( )[$1,$2,...xn(m)] d]]ldl‘g...dwn(m)
uJu u 1 1

(m) 771 x) (2)( i)

n(m) n{™
e y@(x) s () y1 () (189)
=2 | Sm e N (@)dr = Zf
im1 U my (x)m ™ (x) ()
_ (D@ @) o)
B (1) (2) 1 ’
u m) (z)n? (x)

where the joint probability density fl(m) [x1, 22, ... xn(m)} refers to simultaneous selection
1

of all sample points of ng) in the first phase, and the probability densities fl(T) (x) refer to

the selection of point x in the i-th draw. The region of integration I/ is the geographical
space in which sampling is implemented (sampling frame) and the inclusion densities
and pairwise inclusion densities (the sampling design) are defined. The transition from
multiple to single integral is possible according to Fubini’s theorem, which allows for
iterative integration over each x € ng) in every step, so the number of points in the joint
probability density is reduced by one in each iteration until only one point remains. The
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final operation uses the definition of inclusion density in the matched sample
n{™

=3 (). (190)
=1

The second expectation term for distinct x and 2’ is defined by

) A (D) .
// / > yl(l (x:)y 2 (z;) f1(1’2)[$175"27“'xn51>

x1€81 x; 65(2) m (x’) )(xj)

Tj #xz

LT (1)+1, T (1)+2 X (1)+ (2) 1]d$1dx2 . dﬂfngn .. .d$n51)+n§2)_1

()
- // 1 ( )flzl {xlesg)al‘lesl \{ZEZ}}dl'd:L‘
UXUﬂ' fEﬂ'

ZZESI x] Es 1 1 ( )
xl7£xz
) )
y 37 y 95 1,2
- // 1(1) 2(2) > > fl(zl) [% € 81 ) m € 81 \{xz}} dxax’
UxU - (x)m @
T;€8] T TIES;
xl#xz

D), s
= // (1) (z) )(I )ng’z)(x,x’)dxdx’,
Uxu ™ gj (gj)
(191)

where Fubini’s theorem is used to gradually integrate out all the points from the joint

probability density until we get fl(lz?) [azl € sgl),xl € 552) \ {azz}}, the probability density

of simultaneous inclusion of distinct points x = x; as the i-th point in sample sgl), and
x' = x; as the l-th point in the sample 352) with the point x removed. Note that it is

assumed that samples sgl) and 352) share at least one sample point, that is sgm) # (.

The pairwise inclusion density 7T§1’2) (z,2') refers to the simultaneous inclusion of distinct

points x and z’ in the corresponding samples sgl) and 552). It is defined by equation

775172)(36,3:') = 7T§172)(xi,:1;l) = Z Z fi,i [xz € sg ),xl € 31 \{x,}} (192)

x4 Esg )x165(2)

zy #xz
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Now, evaluate the product of the conditional expectations in (187)

Jode e 05

(1)

// / Z { (2) } )(gjl,xg,...Slingz))dl’ldxg...dwngg)
( ;)

(1)
y ") 96)

yl $2) 1 (331,:132,...56 (1))d1,‘1d$2...d$ (1) X
J)z) " b

D) 7 !
02
Yy () 1) uiP () o
—/u 7:&1)(:6) ;fu (ﬂ:)d:n/u 722)(95) ;fl,i (z)d
(D) (4) "

D), ) (
= /u Z:gl)((@ i (z)dx /u 1:(2) ((:E)) i (@) dz

—/ Y (ac)dm/y2 dm_//uxu )( Ndxdz'

The final covariance of the conditional expectations over the first phase combines the
previous two results

(Cl {E2|1 [ Y1, 14 E2|1 |:£y2,2p:|} :/ Wﬂgm)('f)dx +

) /
+ // (z) (=) {ﬂl,?) (x,2") — ﬂ%l)(x)ﬂf) (x’)} dxdx’
Uuxu 7r1

O ’<x/>

(194)

Its estimator using second-phase sample points takes the following form

1 2]1 yl,lp 2|1 272p : : m 2

P> s ) XWsﬂ)(x,xf)49(;6)#9(9;/)
x(1,2) ($, .%'/) ’

sV aresl? oV (@) (2/)

/?éx

(195)

The pairwise inclusion density over the two phases in both samples is defined

(12 (,2") = 7T§1 2) (z, $/)7ré|112) (x,2"), (196)

where
ﬂélliZ)(:L',l'/) =P [a: € sg ) 4l e 32 |z € sgl), z' € 352)} (197)

(1) (1)

is the probability of including point z in s5 ’ given its membership to s;"’ and at the same

(2) (2)

time including 2’ in s5~ given its membership to s;”’.

The term ﬂéﬁ) (z) is the conditional probability of selecting point x from the first phase

matched sample ng) to the second phase matched sample sém)
éﬁl) (x) =P [CL’ € ng)‘ x € ng)} (198)
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The conditional covariance within the second term of (178) is

O i@ 6@ .
21 {tyl,lpvtwap} = 21 77*(1)(3:)’ Z _—) (z) ’ (199)
xes(l) IES(2>
2 2
where the first term corresponds to the single-phase estimator, and the second term is
the only variable part remaining from (182) if the first phase sample is kept constant,
i.e., if it does not vary.

This conditional covariance refers to the finite population of the first phase points, so it

is defined

~

(C2|1 |:ty1,1p’ty2,2p:| =

D D/
- yi (@)eéx (&) 1 a2, N (W (2 (200)
- z(:D 22> o0 (2) 7@ () [”2|1 (z,27) — a1 ()57 (2 )}
x€sy x'€sy

Below, single and pairwise conditional probabilities are derived for a specific but practi-
cally relevant situations. Imagine that we have three independently generated first-phase
samples, that is, that we have three panels s11, s12 and s13. From these three second-phase
samples s91, s99 and sg3 are drawn, with inclusion probabilities 7o (x), oo (x) and ma3(z).
(1)
1

The first-phase sample s;’ of the numerator is created by merging the samples s11 and s12,

SO sgl) = s11Us12. Similarly, the second first-phase sample is defined sf) = 512Us1,3. The

second-phase samples are generated analogously, so sgl) = 591 Usg9 and sg) = 892US23,
which means that they are not obtained by subsampling the merged first-phase samples

sgl) and sg2).

Such first and second phase samples are part of the proposed information systems that use
panel merging, see Section 6.4. The conditional probability of inclusion into the sample
sél) is defined

mo1(xz) if & belongs to s11

é‘ll) (z) = moo(z) if x belongs to si2 (201)
21 (a:) + 7T22($) — 7['21(1,‘)71'22(33) if belongs to s11 M s12,

(2)

and similarly for the sample s;

e

moo(z) if & belongs to si2
Fé‘zl) (x) = mog(x) if x belongs to si3 (202)
moo(x) + mas(x) — maa(x)meg(x) if x belongs to s12 N s13,

and for the matched sample sém)

i (x) = (). (203)

(1)

Now, consider the set of indices Q of the first-phase panels unified into s; ’, and analogous
(2) (m)

sets of indices V and M of panels unified into s;”” and s; "’ respectively.

The pairwise conditional probability 7751’2) (x,2') is evaluated by the following equation
o (2,0 = 30 Y m? (v € sagea € 520] (204)
qgeEQUEY
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where

1. g#v Toq(x)may ()
7T5|1i2) (r,2')=1¢2. q=vAx#a Toq(z, 2') (205)
3. g=vAz=2a moq(x).

The first case for ¢ # v applies for both situations x = 2’ and = # 2’. The second case
is the pairwise probability of selecting two distinct points z and 2’ from the first-phase
sample sample s14 to the second-phase sample s9,. The third case reduces to one possible
situation, namely ¢ = v = 2 and rih2)

2/1
in sgl) and simultaneously in s§2) is that it is included in sg9.

(z,2') = m2. The only way the point x arrives

Imagine, for instance, a point z belonging to s;; and also to sio and a point 2/ # =z
belonging to s13. The first sum of (204) will have two terms and the second only one
term corresponding to two and one original sample containing x and z’. The pairwise
probability will be a sum of mg1mo3 and moomes. This is logical because the samples s11
and s13 are independent, as are the samples s12 and s13. Another example corresponding
to the second case is when two distinct points z and 2’ belong to s12. The conditional
pairwise probability will be maa(x,2).

The above derivations for two distinct and one common sample is used for demonstration
only. In practice, the samples sg), 552) and ng) are often unions of more then just two
panels. The formula (204) is generally usable. The generalisation for single inclusion
probabilities is the following

EHOESE | RIS ) 7 (@) =1 ] 11— mou(@)]

qeQ veEY

m (@) =1= [[ [1 = mom()].
meM

(206)

It might happen that a panel is included more than once in any of the three samples
sgm), 552) and ng) (and also in the corresponding first-phase samples), each time with
a different reference year (or set of reference years). In such cases, the values of target
variable must be averaged over the reference years because only one observation would

be preserved from each panel during the union operation.

The first-phase samples (panels) of NFIs are typically not fully independent in the sense
that they are derived from one large sample (the whole sampling grid) by randomised

assignment of survey years to plots (or their clusters, if used). Each sample point belongs

to only one single panel of given sampling phase. The points z € sgl) and 7/ € s§2) are

identical if only if they belong to the same first- and second-phase panel, which means
they also belong to the matched sample ng)' Obviously, the following equality holds

7r5|11’2) (x,z) = ﬂé‘ll) (z) = 77%21) (z) = Wéﬁ) (). Finally, the conditional covariance (200) can

be reformulated as follows

D
2

D .
S yr (x)éy (x) (m) (m)
Co [fusps ] = X(:M 0 ()7 @) () 1= mp @) (@) +
TES,

(207)

D 5D (.1
yi (z)ég (2') (1,2) , (1) @),
+ E E : 0 (2)m@ (/) [W2|1 (x,2") — 7r2|1(x)7r2|1(x )}
J:Esgl) x’65§2>
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Referring to (178), the expectation of the first term in (207) over the first phase samples
is defined

yP(z)ed (x
// / 0 x;wi(g)()x) L= @) @) x 7 o)
dx1dxy da:ngm (208)
b T BD xz m
:/u w*%gx;i((z)()@ [1 Wé\l)( } 2|1 Zf1 dx (209)
P(z)el(z m m "
- /u {wfﬁ) Ex;ﬂi@) ()x) 1= @) i @) x m) )(w)} da (210)
P(z)eD (z m “(m
.y {W*y(i)éx;;@)()m) [1 —7r§|1)(96)} x )(:r)}dx (211)

Its estimator is computed from the second-phase matched sample sg ™) dividing by 7 *(m) (x)

D)l (x m
Z;m) w*%gggiwi((m()m) [1 Wéu)] (212)

The expectation of the double sum in (207) over the set of first phase samples is given by

Lo S, %, At b e - sionfi]

CCZES a:JEs@) (213)
T F#x
x f( Vdardzs . . .d
1 T1,X2 .. 'xngl)—&—n?)—l r1axro ... xng1)+n§2)_1.
It can be simplified to
// Dr)ey ( ) {w(l 2)(1' x') — W(l)(x)w@)(x’)} X
uXm*(U (z)m* @ (gr) L2 2 A (214)
X 7r§1 2)( 2 )dzdx',
and estimated by
1,2 1 2
() Dm i (w,a') — wly) (@)l (2)
Z > *(1 @) (o) X 1.2) (215)
est) ares® () v Ty (2,2)
,7éx

The estimator of the expectation of the conditional covariance (207) over the set of first
phase samples is the sum of the above estimators (212) and (215) above

o6



E{Cop [fpsprbinn] = 3 W?/(D)ix)):((ﬂ;&) 1]

o™
D(;,:/) i (@, a') — miy) (2) i) (2) (216)
+ Z Z *(2)( ) X (1, )( ) .
est) x/esm Topn (4,2
/;éw

By combination of (195) and (216) the estimator of the covariance of the single-phase
and two-phase total is obtained

(D) (D)
P 2 yi o (@)ys  (x)
C|t , T = +
[y1,2p y2,2p} Ez(:m) Wéﬁ)(fﬂ)ﬂ'gl)(ff)ﬂf)(fﬂ)
x 82
by oy e e - @nE)
) x/€8<22) 71'51)(56)71'52)( " 7T*(1’2)(£L',l")
r'#x
(217)
D(.\ 5D
yi (2)éy (z) __(m)
* Z 7'('*(1)(;1;)71'*(2)(1;) |:1 7T2‘1} T
:CEsém)
1,2 1 2
P> W@eP) i @) = m () ()
e ™ @A) w5 @,
/7533
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C.2 Covariance of single-phase total with no auxiliaries and two-phase
total with the first-phase and exhaustive auxiliaries

One estimator corresponds to single-phase estimator tAylvlp according to (180), and the

other to two-phase generalised regression estimator fwgpm according to (16). The condi-
tional expectation of the single-phase estimator is

. y (ac
Eo1ty, 1p = Z 71r1 @) (218)
(1)

see the derivation of (185). For the two-phase estimator we have

[ @), ‘
*#(2)
zes(? ™9 (@)
(D) (D) (D) (D)
Yy (v) — €y (x) ys (r) —éy 7 (2)
- +
Eoq [ y2,2pm:| Koy §2> 7T§2) () §2> ™@)(z) (219)
xres xT 52
) (z) — 5" ()
tl72 - Z )
zes(? ™o () |

where the term ¢35, corresponds to the known total of working model predictions in D, but
this term does not appear in the covariance and its 7(x) terms, because it is a constant.
The conditional expectation of the second term in the middle line equals the first term,
so they cancel each other out. The expectation of the first sum equals

(D), (D),
By Z Z/i@)(() _ Z Y (%) (220)

7[' T T\
zEsé2> ) mesgz) 1( )

and it cancels with the corresponding part of the last sum. The result follows
(D)(

Eoq [ yzﬂpm} tg, — D 62(2)
xT

es® T (z)

z)

(221)

Concerning conditional covariance, the single-phase estimator is taken as a whole, and
from the two-phase estimator shown within (219) only the sums over 552) are kept, while
the first cancels with the first part of the second one. Finally, only the second-phase

estimator of the full model residuals remains.

(@) &5”) (x)

y1
(C1|2 y171P’ Y2, me} (C1|2 Z .%')

(1)

(222)
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C.3 Covariance of a single-phase total estimator with exhaustive aux-
iliaries and a two-phase total estimator with first-phase auxiliaries

The single-phase, generalised regression estimator is defined

ty,ipm = InIID Y1 p + A7 ,0G, 5<0>H+Y’1 + (223)
D D
mhE) T, (@)

and its conditional expectation is

Exp [ty 1pm] = Bopt [t5, + > (D)(x)] (225)
2|11 |ty1,1pm 2|11 | Y (1) (m)

x€S2

IE2\1 [yl,lpm} ty + Z 61 1' (226)

1:651

where the first term, the total of model predictions in D and it does not contribute to
covariance over first-phase samples, because it is a constant.

7(2)

The conditional expectation of the two-phase estimator ¢, 5,

is

y2 x y2 (x
2|1 (2> ) ( )

$€S2
as derived in annex C.1, formula (186).
The conditional covariance is

L ef” (@) e (@)
oo lfnminar] =€ | & 2005 8 Zal e
<1) $ES§2>

(17652

where the first term stems from the fact that given the working model, the only source
of variance are residuals. For the second term refer to (199).
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